DeMiguel et al. (2009) report that naïve diversification dominates mean-variance optimization in out-of-sample asset allocation tests. Our analysis suggests that this is largely due to their research design, which focuses on mean-variance efficient portfolios that are subject to high estimation risk and extreme turnover. We find that mean-variance optimization outperforms naïve diversification under many circumstances, but its advantage can easily be eroded by transactions costs. This motivates us to propose two types of mean-variance timing strategies, both characterized by low turnover. These strategies outperform naïve diversification even in the presence of relatively high transactions costs. In contrast to DeMiguel et al. (2009) , therefore, we conclude that using sample information to guide portfolio selection yields substantial benefits.
Introduction
Mean-variance optimization is a cornerstone of modern portfolio theory. However, a recent study by DeMiguel et al. (2009) questions the value of mean-variance optimization relative to naïve diversification, i.e., relative to a strategy that places a weight of 1/N on each of the N assets under consideration. The authors of the study implement 14 variants of the standard mean-variance model for a number of datasets and find that "there is no single model that consistently delivers a Sharpe ratio or a CEQ return that is higher than that of the 1/N portfolio." This finding presents researchers with two clear challenges. The first is to understand why the mean-variance approach to portfolio selection performs so poorly in the DeMiguel et al. (2009) study. The second is to develop more effective procedures for using sample information about means and variances in portfolio problems.
With respect to the first challenge, we show that the DeMiguel et al. (2009) research design places the mean-variance model at an inherent disadvantage relative to naïve diversification. Specifically, it delivers mean-variance efficient portfolios that tend to be very aggressive, with target conditional expected excess returns that often exceed 100% per year. Targeting conditional expected excess returns of this magnitude leads to poor out-of-sample performance because it greatly magnifies both estimation risk and portfolio turnover. If the mean-variance model is implemented by targeting the conditional expected return of the 1/N portfolio, the resulting mean-variance efficient strategies outperform naïve diversification for most of the DeMiguel et al. (2009) datasets. However, it is not clear that this finding is robust to transactions costs.
In response to the second challenge, we develop simple active portfolio strategies that retain the most appealing features of the 1/N portfolio -no optimization, no covariance matrix inversion, and no short sales -while exploiting sample information about the reward and risk characteristics of the assets under consideration. In particular, we specify the portfolio weights in terms of conditional expected returns, conditional return volatilities, and a tuning parameter that allows some control over portfolio turnover. The empirical evidence shows that the proposed strategies outperform naïve diversification by statistically and economically significant margins. This is true even though we implement the strategies using estimators of the conditional expected returns and conditional return volatilities that are likely to be relatively inefficient. Moreover, the advantage of the proposed strategies persists even in the presence of relatively high transactions costs.
The strategies we develop in the paper are most naturally interpreted as mean-variance timing rules, but they are rooted in an extensive literature on asset allocation in the presence of estimation error and constraints on portfolio holdings. There have been a number of notable contributions to this literature in recent years. Pastor (2000) and Pastor and Stambaugh (2000) use Bayesian methods to address the issue of parameter uncertainty. Ledoit and Wolf (2003) develop an optimal shrinkage methodology for covariance matrix estimation and find that it improves the out-of-sample performance of mean-variance optimization methods. Jagannathan and Ma (2003) consider ad hoc short-sale constraints and position limits and show that these restrictions are a form of shrinkage that improves portfolio performance by reducing the ex post effect of estimation error. Kan and Zhou (2007) use an innovative approach to develop a three-fund asset allocation strategy that optimally diversifies across both factor and estimation risk.
The recent contribution of Tu and Zhou (2008) is particularly relevant to our investigation. In this study, the authors develop a simple theory of portfolio choice in the presence of estimation risk by assuming that asset returns are independently and identically distributed over time. Building on the idea that the 1/N portfolio constitutes a reasonable shrinkage target, they propose a new strategy that optimally combines the 1/N portfolio and the Kan and Zhou (2007) three-fund portfolio, with the degree of shrinkage towards the 1/N portfolio determined by the level of estimation risk. Simulations demonstrate that this "four-fund strategy" outperforms the 1/N portfolio under a range of assumptions about the data generating process for asset returns, providing convincing evidence that optimization methods can be consistently useful for cases in which the means and variances of returns are constant through time.
This paper addresses many of the issues studied by Tu and Zhou (2008) , but does so from the perspective of an investor who assumes that the conditional means and variances of asset returns change through time. We start by proposing a new class of active portfolio strategies that are designed to exploit sample information about volatility dynamics in a way that mitigates the impact of estimation risk. Under our approach, which we refer to as volatility timing, the portfolios are rebalanced monthly based solely on changes in the estimated conditional volatilities of asset returns. We control the sensitivity of the portfolio weights to these changes via a tuning parameter that can be interpreted as a measure of timing aggressiveness. This allows us to keep the turnover of the proposed strategies to a level competitive with that of naïve diversification.
We also propose a more general class of timing strategies that incorporate sample information about the dynamics of conditional expected returns. Under this approach, which we refer to as reward-to-risk timing, the portfolios are rebalanced monthly based solely on changes in the estimated reward-to-risk ratios of the assets. We implement the proposed strategies using two different estimators of conditional expected returns: a rolling estimator that imposes no parametric assumptions and an estimator that is designed to reduce estimation risk by exploiting the predictions of asset pricing theory. Under the conditional capital asset pricing model (CAPM), for example, we can express the timing weights in terms of the conditional market betas and variances of the returns. We illustrate that using estimates of the conditional betas in place of estimates of expected returns should reduce the sampling variation in the weights if the conditional CAPM holds.
The empirical section of the paper compares the out-of-sample performance of the volatility and reward-to-risk timing strategies to that of the 1/N portfolio using datasets similar to those used by DeMiguel et al. (2009) . To provide additional perspective, we also report results for several strategies obtained from the standard mean-variance model. The inputs needed to implement the strategies are estimated using the same rolling estimators employed by DeMiguel et al. (2009) . This allows us to focus sharply on the relative performance of the proposed timing strategies rather than on the impact of different estimation techniques. We find that both types of timing strategies can significantly outperform the 1/N portfolio for a range of datasets even after accounting for the impact of transactions costs. Thus, in contrast to DeMiguel et al. (2009) , we conclude that there can be substantial value in using sample information to guide portfolio selection decisions.
For example, with proportional transactions costs of 50 basis points, the 1/N portfolio has an estimated annualized Sharpe ratio of 0.46 for a dataset that contains 25 portfolios formed on size and book-to-market characteristics. In comparison, the volatility-timing strategies have estimated annualized Sharpe ratios that range from 0.47 to 0.49 for this dataset. Even these small differences translate into economically and statistically significant performance gains. This level of precise inference is possible because the returns for the volatility-timing and 1/N strategies are generally highly correlated, resulting in small standard errors for the relative performance measures. We estimate that risk averse investors would be willing to pay fees between 81 and 108 basis points per year to switch from the 1/N strategy to our volatility-timing strategies. These estimated performance fees are statistically different from zero at the 10% significance level.
The performance gains are more pronounced for the reward-to-risk timing strategies. If we implement these strategies using a rolling estimator of conditional expected returns, then the estimated annualized Sharpe ratios range from 0.52 to 0.54. Moreover, we estimate that risk averse investors would be willing to pay fees between 127 and 167 basis points per year to switch from the 1/N strategy to these strategies. Reward-to-risk timing appears to be a particularly promising strategy when it is implemented using the Carhart (1997) four-factor risk model to estimate the conditional factor betas. In this case, the estimated annualized Sharpe ratios range from 0.52 to 0.57, the estimated performance fees range from 118 to 220 basis points per year for a risk averse investor, and these gains are all statistically significant at the 1% level.
The evidence also suggests that the performance gains become larger as we increase the cross-sectional dispersion in the means and variances of returns. The dataset that poses the biggest challenge to the timing strategies contains 10 industry portfolios. Sorting firms into industries produces only a modest cross-sectional spread in the estimated means. In contrast, some of the most compelling results are obtained using a dataset created by sorting firms into 10 portfolios based on momentum, which produces a pronounced spread in the estimated means. The 1/N portfolio has an estimated annualized Sharpe ratio of 0.28 for this dataset, while the reward-to-risk timing strategies have estimated annualized Sharpe ratios that range from 0.43 to 0.47 when they are implemented using a rolling estimator of conditional expected returns. Moreover, we observe similar performance gains for the volatility timing strategies when we use a dataset that is constructed by sorting firms into portfolios based on historical volatility.
The remainder of the paper is organized as follows. Section 2 considers the portfolio choice problem of an investor with quadratic risk preferences and shows how the resulting framework can be used to motivate volatility and reward-to-risk timing strategies. Section 3 describes our estimators of the conditional mean vector and conditional covariance matrix of excess returns. Section 4 discusses our approach to performance evaluation along with the methods we use to draw statistical inferences. Section 5 describes the data and presents the empirical results. Section 6 provides concluding remarks.
Portfolio Strategies
This section describes the portfolio strategies we investigate. The first strategy -naïve diversification -requires little explanation. It consists of allocating an equal amount to each asset in the portfolio and is unique in the sense that it implies time-invariant portfolio weights. The remaining strategies fall into one of two general categories: strategies that are ex ante optimal under quadratic loss, i.e., mean-variance efficient (MVE) strategies, and strategies that do not entail formal optimization, but are designed to exploit sample information about means and variances in a manner that mitigates estimation risk. We assume throughout that there are N risky assets and a single risk-free asset. We refer to naïve diversification across the risky assets as the 1/N strategy.
Optimal strategies under quadratic loss
Let r t = R t − ιR f,t where R t is an N × 1 vector of risky-asset returns for period t, R f,t is the risk-free rate of interest for period t, and ι denotes an N × 1 vector of ones. Under the standard approach to conditional mean-variance optimization, the investor's objective in period t is to choose the N × 1 vector of risky-asset weights ω p,t that maximizes the quadratic objective function
where µ t = E t (r t+1 ) is the conditional mean vector of the excess risky-asset returns, Σ t = E t (r t+1 r t+1 ) − E t (r t+1 )E t (r t+1 ) is the conditional covariance matrix of the excess risky-asset returns, and γ denotes the investor's coefficient of relative risk aversion. The weight in the risk-free asset is determined implicitly by 1 − ω p,t ι.
This problem has a straightforward and well known solution. The optimal choice of ω p,t is given by
Equation (2) implies that, in general, the investor divides his wealth between the risk-free asset and a "tangency portfolio" of risky assets with weights
That is, the investor holds a conditionally MVE portfolio.
1 The fraction of wealth allo-1 We assume for the discussion that ι Σ −1 t µ t > 0. If ι Σ −1 t µ t < 0 then the tangency portfolio is conditionally inefficient. In this case, the investor will, in general, short the tangency portfolio and invest everything -initial wealth and short sale proceeds -in the risk-free asset.
cated to the tangency portfolio is x T P,t = ι Σ −1 t µ t /γ. As γ falls and the investor becomes less risk averse, he invests more aggressively in the tangency portfolio to raise his conditional expected excess return, µ p,t = ω p,t µ t . Because there is a one-to-one correspondence between γ and µ p,t for each t, we can express equation (2) as
and view the investor as choosing the period t portfolio by minimizing the conditional risk of the portfolio for a specified value of µ p,t .
We refer to the portfolio in equation (4) as the optimal unconstrained (OU) portfolio because the sum of the risky-asset weights is unconstrained. DeMiguel et al. (2009) focus on portfolios that constrain these weights to sum to one to ensure that performance differences across portfolios are not simply the result of different allocations to the risk-free and risky assets. They impose this constraint by rescaling the weights of the OU portfolio, i.e., they divide each side of equation (2) by ω p,t ι to obtain the tangency portfolio.
2
Because the tangency portfolio has the same conditional Sharpe ratio as the OU portfolio, focusing on this portfolio may seem innocuous. However, the tangency portfolio differs from the OU portfolio in two important respects: estimation risk and turnover. These differences can have a substantial impact on the relative performance of the two portfolios.
Estimation risk, turnover, and the tangency portfolio
First consider the issue of estimation risk. Intuitively, estimation risk arises from uncertainty about the parameters of the data generating process. This uncertainty leads to errors in estimating the portfolio weights, which drives up the risk of the portfolio. Suppose, for example, that µ t = µ and Σ t = Σ for all t. If the values of µ and Σ are known to the investor, then the OU portfolio and the tangency portfolio have known, time-invariant weights. In particular, the weights are given by ω p = Σ −1 µ/γ and ω T P = Σ −1 µ/ι Σ −1 µ. Because the weights are proportional to Σ −1 µ in each case, the excess return on the OU portfolio is perfectly correlated with the excess return on the tangency portfolio and the two portfolios have the same unconditional Sharpe ratio. This is not true, however, if we replace µ and Σ with the sample mean vectorμ and sample covariance matrixΣ. The sampling variation inμ andΣ, which translates into sampling variation in the portfolio weights, inflates the variance of the portfolio returns and lowers the unconditional Sharpe ratios. Although the sampling variation inμ andΣ affects both portfolios, the tangency portfolio is likely to experience a more severe deterioration in its Sharpe ratio. To see this, consider the estimated weights of the tangency portfolio,
. If the value of ι Σ −1μ is small in magnitude, then the tangency portfolio will typically be characterized by extreme weights. The problem with extreme weights is that they tend to produce extreme returns that inflate the portfolio variance. The OU portfolio does not suffer from this problem because the vectorΣ −1μ is scaled by 1/γ rather than by 1/ι Σ −1μ . The investor chooses γ, while ι Σ −1μ is a random variable that can take on values close to zero if there is sufficient sampling variation inμ.
Estimation risk is particularly important when considering transactions costs. If transactions are greater than zero, then anything that increases portfolio turnover can cause the after-transactions-costs performance of the portfolio to deteriorate. We define turnover as the fraction of invested wealth traded in a given period to rebalance the portfolio. To see how we compute turnover for the OU portfolio, note that if one dollar is invested in the portfolio at time t − 1, there will be ω i,t−1 (1 + R i,t ) dollars invested in the ith risky asset at time t. Hence, the weight in asset i before the portfolio is rebalanced at time t is
and the turnover at time t is given by
where ω i,t is the desired weight in asset i at time t.
Since turnover increases with the variance of the portfolio weights, both the choice of γ and the sampling variation inμ t andΣ t play a role in determining its value. Consider our earlier example with µ t = µ and Σ t = Σ for all t. In this case, the estimated weights of the OU portfolio are given byω p =Σ −1μ /γ. Changing γ has no effect on the beforetransactions-costs Sharpe ratio of the portfolio because both the mean and standard deviation of the portfolio return are proportional to 1/γ. However, it can have a dramatic impact on turnover because |ω i,t −ω i,t | is approximately proportional to 1/γ.
3 Reducing γ causes the cost of rebalancing the portfolio to rise, which drives down the average return of the portfolio and causes its after-transactions-costs Sharpe ratio to fall. Hence, the choice of γ is an important consideration when developing a research design to evaluate the effectiveness of mean-variance optimization.
The impact of turnover on transactions costs is an even greater concern for the tangency portfolio because of the potential for extreme weights. If there is more than a small chance that ι Σ −1μ is less than zero, then it is likely that realizations of this quantity that are close to zero will push turnover to very high levels. Since the turnover of the tangency portfolio is a function of the characteristics of the data generating process and the choice of estimators for µ and Σ, there is little we can do to mitigate this problem. In contrast to the OU portfolio, we cannot reduce turnover by specifying a higher value of γ. This is a major drawback in the presence of transactions costs. By focusing on the tangency portfolio, DeMiguel et al. (2009) place the standard mean-variance model at an inherent disadvantage with respect to the impact of turnover. Thus their results could produce a overly pessimistic picture of the usefulness of mean-variance optimization.
Optimization over the risky assets only
If the objective is to investigate the performance of MVE portfolios that exclude the riskfree asset, an alternative to considering the tangency portfolio is to solve the investor's portfolio problem subject to the constraint ω p,t ι = 1. The first-order condition for the constrained problem is
where δ t is the Lagrange multiplier associated with the constraint. Hence, the optimal vector of constrained portfolio weights is
To interpret the solution, note that the first term on the right side of equation (8) is proportional to ω T P,t and the second is proportional to ω M V,t = Σ
t ι, which is the vector of weights for the minimum-variance (MV) portfolio of risky assets, i.e., the portfolio obtained by minimizing ω p,t Σ t ω p,t subject to ω p,t ι = 1. Thus, the solution to the constrained problem takes the same general form as the solution for the unconstrained problem with the MV portfolio replacing the risk-free asset.
4
If we solve for δ t and substitute the resulting expression into equation (8), we obtain
which implies that the conditional expected excess return on the portfolio is given by
where µ T P,t and µ M V,t denote the conditional expected excess returns on the tangency and MV portfolios. Accordingly, we can express equation (9) as
4 Kan and Zhou (2007) propose a "three-fund strategy" in which the investor is restricted to hold a combination of the risk-free asset, the tangency portfolio, and the MV portfolio. One could interpret the portfolio in equation (8) as a constrained version of their strategy. However, the MV and tangency portfolios cease to play a special role in determining the optimal portfolio once the weight in the risk-free is constrained to be zero: the conditional efficient frontier for the risky assets is spanned by any two portfolios on the frontier.
and view the investor as choosing his portfolio for period t by minimizing the conditional risk of the portfolio for a specified value of µ p,t . We refer to the portfolio in equation (11) as the optimal constrained (OC) portfolio.
Note that the OC portfolio is identical to the OU portfolio except that the weight in the risk-free asset has been transfered to the MV portfolio. It follows, therefore, that the increase in estimation risk from imposing the constraint is due solely to errors in estimating ω M V,t . Two observations suggest that this increase should be considerably less than that incurred by rescaling the OU portfolio weights (assuming that the OU portfolio is a convex combination of the risk-free asset and tangency portfolio). First, ω M V,t does not depend on µ t . The variances and covariances of returns can typically be estimated with better precision than the mean returns (see, e.g., Merton, 1980) , so the errors in estimating ω M V,t should be smaller than those in estimating the weights of other MVE portfolios. Second, the denominator in the expression ω M V,t = Σ
t ι is the reciprocal of the variance of the MV portfolio. This suggests that the potential for generating extreme weights is much lower than with the tangency portfolio because the value of ι Σ −1 t ι is, by construction, both positive and as large as possible.
Monte Carlo evidence on estimation risk and turnover
To provide insights on the empirical relevance of the issues identified in Sections 2.1.1 and 2.1.2, we conduct a simple Monte Carlo experiment using five of the six datasets examined by DeMiguel et al. (2009) .
5 Each dataset consists of monthly returns on a collection of broadly-based equity portfolios and the monthly risk-free rate of interest. Three of the datasets are constructed by sorting U.S. firms into portfolios based on market value and book-to-market value characteristics (the FF 1-Factor, FF 4-Factor, and Mkt/SMB/HML datasets), one is constructed by sorting U.S. firms into industries using standard industrial classification codes (the FF 10 Industry dataset), and one contains international equity market indexes (the International dataset). The sample size is 497 observations except for the International dataset which contains 379 observations. The Monte Carlo experiment is designed to illustrate the impact of sampling variation in the estimated portfolio weights on the performance of the OU, OC, and tangency portfolios under conditions similar to those studied by DeMiguel et al. (2009) . To highlight the effect of estimation risk, we focus on a scenario with time invariant µ t and Σ t . Using resampling methods, we simulate a time series of excess risky-asset returns that preserve key characteristics of the actual data and then we compute the unconditional Sharpe ratio and expected turnover of the OU, OC, and tangency portfolio via Monte Carlo integration. We also report results for the 1/N and MV portfolios to provide additional points of reference.
The experiment
Suppose a given dataset contains T + h observations, where T is the number of months used to evaluate the out-of-sample performance of the portfolios and h is the length of the data window used to estimate the portfolio weights. The general design of the experiment is as follows. First, we generate a sequence {r * t } T * +h t=1 of i.i.d. excess risky-asset returns from a distribution with mean vector µ * and covariance matrix Σ * , where T * denotes the length of the out-of-sample period for the experiment. The data generating process is such that µ * and Σ * match the sample mean vector and sample covariance matrix of {r t } T +h t=h+1 . Next, we construct a sequence {r * p,t } T * +h t=h+1 of out-of-sample excess returns for each portfolio using the weights implied by our estimates of µ * and Σ * . Finally, we use the sample moments of {r * p,t } T * +h t=h+1 to approximate E(r * p,t ) and Var(r * p,t ) for each portfolio. The error in approximating these population moments goes to zero as T * → ∞. We set h = 120, which is the value used by DeMiguel et al. (2009) , and T * = 1,000,000.
The sequence {r *
is generated by resampling the data. Specifically, we draw h times with replacement from {r t } h t=1 to obtain the sample used to form the initial estimates of the portfolio weights, and T * times with replacement from {r t } To implement this procedure for the OU and OC portfolios, we have to specify a target estimated conditional expected return for each t. Because turnover is sensitive to the target selected, we setμ * p,t equal to the estimated conditional expected excess return of the 1/N portfolio, i.e.,μ * p,t =μ * t ι/N .
6 This should reduce the differences in turnover between the OU, OC, and 1/N portfolios, and allow them to compete on a more equal footing with respect to transactions costs. We expect the 1/N portfolio to have very low turnover, so we do not want to inflate the turnover of the OU and OC portfolios by targeting aμ * p,t that exceeds the value implicitly targeted by the 1/N portfolio. Table 1 summarizes the results of the experiment. We report three quantities for each portfolio: the population value of the annualized Sharpe ratio implied by the true weights, λ * (ω), the population value of the annualized Sharpe ratio when the portfolio is rebalanced monthly using the estimated weights, λ * (ω), and the population value of expected monthly turnover when the portfolio is rebalanced monthly using the estimated weights, τ * (ω). The 6 Occasionally, targeting the estimated expected excess return of the 1/N portfolio delivers a conditionally inefficient portfolio. In these cases, we replaceμ * p,t −μ * M V,t in the sample analog of equation (11) 
The experimental results
for the 1/N portfolio. Sinceω = ω for the 1/N portfolio, the difference between λ * (ω) and λ * (ω) for this portfolio is due solely to the Monte Carlo error in computing population expectations. The difference is negligible for every dataset.
The OU and tangency portfolios have the maximum possible value of λ * (ω) by construction. It ranges from 0.74 for the International dataset to 1.92 for the FF 4-Factor dataset. The difference between the values of λ * (ω) for the OU portfolio and for the OC portfolio provides a direct measure of the cost of constraining the weight in the risk-free asset to be zero. This cost varies a good deal across the datasets. It is small for the FF 4-Factor dataset (a difference of 0.04) and large for the FF 1-Factor dataset (a difference of 0.71). However, the cost of naïve diversification is typically much larger. The difference between the value of λ * (ω) for the OU portfolio and that for the 1/N portfolio ranges from 0.21 for the Mkt/SMB/HML dataset to 1.31 for the FF 4-Factor dataset. Thus the gains to optimization are substantial in the absence of estimation risk.
A very different picture emerges when we take estimation risk into account. The most striking change is a dramatic deterioration in the performance of the tangency portfolio. The value of λ * (ω) ranges from zero for the International dataset to 0.05 for the Mkt/SMB/HML dataset. This finding is consistent with our earlier discussion regarding the impact of rescaling the OU portfolio weights. The evidence points to a non-negligible probability of observing values of ι Σ * −1μ * that are close to zero. This is an undesirable characteristic that greatly magnifies estimation risk. As a consequence, the tangency portfolio does not perform nearly as well as the other MVE portfolios.
To investigate further, we find the minimum value of ι Σ −1μ that is observed when we compute the estimated tangency portfolio weights for months h+1 to T +h using the actual data. Then we use the subset of simulated excess returns for which the value of ι Σ * −1μ * exceeds this cutoff to generate a second set of results for the tangency portfolio. These results, which are reported in the last row of the table, show how the tangency portfolio performs conditional on a degree of rescaling that is no more extreme than that observed in the actual sample analyzed by DeMiguel et al. (2009) . The value of λ * (ω) increases for every dataset, but in general the tangency portfolio still performs markedly worse than the other portfolios. The one exception is for the Mkt/SMB/HML dataset, which is the only dataset that has predominately negative estimated return correlations.
7 With negative correlations, which imply large benefits to diversification, the tangency portfolio is less likely to be characterized by extreme long and short positions.
The results for the other portfolios yield additional insights. The value of λ * (ω) is substantially lower than the value of λ * (ω) for every portfolio except the 1/N portfolio. This reflects the impact of estimation risk. The OC portfolio, however, has a value of λ * (ω) that is greater than that of the 1/N portfolio for every dataset, and greater than or equal to that of the OU portfolio for all but one of the datasets (the FF 1-Factor dataset). This indicates that the OC portfolio can outperform naïve diversification and shows that in the presence of estimation risk constraining the position in the risk-free asset to be zero does not necessarily entail a positive cost.
We can see why this occurs by comparing the values of λ * (ω) to the values of λ * (ω) for the OC and OU portfolios. With the exception of the FF 4-Factor dataset, the difference between λ * (ω) and λ * (ω) for the OC portfolio is relatively small, ranging from 0.06 to 0.07, while the difference for the OU portfolio for the same datasets ranges from 0.13 to 0.68. Because the risk-free asset has a Sharpe ratio of zero, this is not surprising. If an estimation error results in an overallocation to the risk-free asset, we would expect this to have a bigger impact on λ * (ω) than if the error results in an overallocation to the MV portfolio. The MV portfolio has a relatively high value of λ * (ω) except for the FF 4-Factor dataset, which is the same dataset for which the difference between λ * (ω) and λ * (ω) for the OC portfolio is relatively large. In general, the MV portfolio is subject to low estimation risk (the maximum difference between λ * (ω) and λ * (ω) is 0.26), so the OC portfolio performs relatively well.
The expected turnover numbers provide further evidence that the performance of the tangency portfolio is not representative of the performance of MVE portfolios more generally. The value of τ * (ω) for the OU and OC portfolios is typically in the 25% to 60% range. This is considerably higher than the value of τ * (ω) for the 1/N portfolio, which is less than 3% in each case. However, the turnover for OU and OC portfolios is tiny compared to the value of τ * (ω) for the tangency portfolio, which exceeds 10,000% for three of the five datasets. It is under 1000% only for the Mkt/SMB/HML dataset and, even in this case, it is 3 to 9 times larger than the expected monthly turnover of the other MVE portfolios. Clearly, considering the results for the tangency portfolio in isolation provides a distorted picture of the after-transactions-cost performance of MVE portfolios.
The DeMiguel et al. (2009) results revisited
The evidence from our Monte Carlo experiment suggests that it would interesting to revisit the DeMiguel et al. (2009) results for the tangency, MV, and 1/N portfolios, and to compare them to the results obtained for the OC portfolio. We report the results of this comparison in Table 2 . Panel A reports the annualized mean, annualized standard deviation, and annualized Sharpe ratio for the time series of monthly excess returns generated by each of these portfolios using the actual DeMiguel et al. (2009) datasets. We use rolling estimators with a 120 month window length and assume that transactions costs are zero when computing these statistics. Panel B reports the minimum, median, and maximum value of the estimated conditional expected return for each portfolio over the 377 months in the out-of-sample period. All of the estimated Sharpe ratios reported in Panel A for the tangency, MV, and 1/N portfolios match those reported by DeMiguel et al. (2009) in their Table 3 (after multiplying their estimates by √ 12 to obtain annualized statistics).
Panel A reveals that the tangency portfolio has markedly different reward and risk characteristics than the other portfolios. The estimated mean and estimated standard deviation of its excess return are greater than 100% per year for two of the datasets. This contrasts sharply with the results for the OC portfolio which has reward and risk characteristics similar to those of the 1/N and MV portfolios. Moreover, the tangency portfolio typically has an estimated expected monthly turnover that is orders of magnitude higher than that of the OC portfolio. The only exception to the general pattern is provided by the Mkt/SMB/HML dataset. In this case, the tangency portfolio has the same estimated expected turnover as the OC portfolio.
Panel B of the table points to why the Mkt/SMB/HML dataset produces atypical results. It appears that the negative estimated return correlations have a substantial impact on the aggressiveness of the tangency portfolio. The median value ofμ T P,t for the Mkt/SMB/HML dataset is 6.7% per year. This is relatively low compared to a median value that ranges from 30.9%to 60.8% per year for the remaining datasets. More importantly, the maximum value ofμ T P,t is only 15.5% for Mkt/SMB/HML, but ranges from 2,486% to 12,216% per year for the remaining datasets. It is hardly surprising to find that target estimated expected excess returns of this magnitude produce extreme turnover. The weights that deliver these targets could not be implemented in practice.
In comparison, the maximum value ofμ p,t for the OC portfolio ranges from 8.6% to 37.8% per year, a much more reasonable range. If we discount the results for the tangency portfolio, then the picture that emerges from Table 2 is far more supportive of mean-variance optimization than that suggested by DeMiguel et al. (2009) . The estimated Sharpe ratio of the OC portfolio exceeds that of the 1/N portfolio for four of the datasets. Indeed, for the FF 1-Factor and FF 4-Factor datasets, the estimated Sharpe ratio for the OC portfolio is greater than one and about twice that of the 1/N portfolio. Once again the Mkt/SMB/HML dataset provides the exception to the general pattern, with an estimated Sharpe ratio of 0.76 for the OC portfolio versus 0.78 for the 1/N portfolio.
These results, along with the evidence from the Monte Carlo experiment, demonstrate that changing the target conditional expected excess return can have a substantial impact on the performance of MVE portfolios. In contrast to our approach, the DeMiguel et al.
(2009) research design does not attempt to match the reward and risk characteristics of the MVE portfolios under consideration to those of the naive diversification benchmark. As a result, their analysis is skewed in favor of naïve diversification, especially with respect to turnover and after-transactions-costs portfolio performance.
For example, DeMiguel et al. (2009) implement a version of the "three-fund" strategy proposed by Kan and Zhou (2007) , but it contains only two funds -the tangency and MV portfolios -because they rescale the weights for the risky assets to sum to one. The estimated expected turnover for the resulting portfolio exceeds that for the 1/N portfolio by a factor of more than a thousand for several of the datasets. However, we find that the OC portfolio, which is a combination of the same two funds, has a vastly lower turnover when we target the conditional expected excess return of the 1/N portfolio. We should not interpret the turnover and other performance figures reported by DeMiguel et al. (2009) as representative of the three-fund strategy.
Mean-variance timing strategies
Although the OC portfolio performs considerably better than the tangency portfolio, it is not clear that the OC portfolio would consistently outperform the 1/N portfolio under plausible transactions costs assumptions. For instance, if we assume that establishing or liquidating a portfolio position costs 50 basis points, then the estimates of expected turnover for the OC portfolio reported in Table 2 would entail transactions costs of between 0.4% and 5.7% per year. In view of the potential impact of transactions costs, we regard turnover as the primary barrier to capitalizing on the gains promised by mean-variance optimization.
It might be possible to reduce turnover for the OC portfolio by using various techniques proposed in the literature to improve the performance of mean-variance optimization.
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However, our interest lies in a different direction. Instead of focusing strictly on portfolio optimization, we expand the scope of the investigation to include alternative methods of exploiting sample information about the means and variances of returns. Our objective is to develop methods of portfolio selection that retain many of the features that make naïve diversification appealing -nonnegative weights, low turnover, wide applicabilitywhile improving on its performance. We begin by developing the idea of volatility timing within the context of the standard portfolio problem of Section 2.1. Fleming et al. ( , 2003 ) study a class of active portfolio strategies in which the portfolio weights are rebalanced based on changes in the estimated conditional covariance matrix of returns. They find that these "volatility-timing" strategies outperform unconditionally mean-variance efficient portfolios by statistically significant margins. This points to the potential for a volatility-timing approach to outperform naïve diversification. The question is how to implement volatility timing in the present setting. Unlike Fleming et al. ( , 2003 , who use futures contracts for their analysis, we want to avoid short sales and keep turnover as low as possible. Accordingly, we propose a new class of volatility-timing strategies characterized by four notable features: they do not require optimization, they do not require covariance matrix inversion, they do not generate negative weights, and they allow the sensitivity of the weights to volatility changes to be adjusted via a tuning parameter. The last feature facilitates control over turnover and transactions costs.
Volatility timing
To motivate our approach, consider a scenario in which all of the estimated pair-wise correlations between the excess risky-asset returns are zero, i.e.,Σ t is a diagonal matrix. In this case, the weights for the sample MV portfolio are given bŷ
whereσ it is the estimated conditional volatility of the excess return on the ith risky asset. Thus, ifΣ t is restricted to be diagonal for all t, the investor will follow a very simple volatility timing strategy, i.e., he will rebalance his portfolio based solely on changes in the relative volatilities of the risky assets.
Obviously we do not expectΣ t to actually be diagonal. However, the sample MV portfolio obtained by setting the off-diagonal elements ofΣ t to zero might perform better than that obtained using the usual estimator of Σ t . To see why, note that weights in equation (12) are strictly nonnegative, while the weights obtained using a non-diagonal estimator of Σ t will typically involve short positions in one or more assets. In general, strategies that permit short sales are more likely to be characterized by extreme weights. We view setting the off-diagonal elements ofΣ t to zero as an aggressive form of shrinkage along the lines of that proposed in Wolf (2003, 2004) . Although it may seem unusual to ignore the return correlations, this results in N (N − 1)/2 fewer parameters to estimate from the data. Thus the reduction in estimation risk could outweigh the loss of information.
There is also a possibility that we can reduce the impact of the information loss by modifying the way in which the portfolio weights respond to volatility changes. To see how, consider the N = 2 case. The estimated weights of the MV portfolio are in general given byω
andω 2t = 1 −ω 1t , whereρ t is the estimated conditional correlation between the excess returns on the two risky assets. Now suppose thatσ 1t =σ 2t so thatω p,t = (1/2, 1/2) . If asset one's estimated conditional volatility doubles in period t + 1, then we adjust the portfolio weights toω t+1 = (0, 1) forρ t+1 = 1/2, and toω t+1 = (1/5, 4/5) forρ t+1 = 0. Thus the weights are more responsive to volatility changes when the estimated correlation between the returns is positive.
Although the strategy in equation (12) provides no flexibility in determining how the portfolio weights respond to volatility changes, it belongs to a more general class of volatilitytiming strategies with weights of the form
where η ≥ 0. The idea behind this generalization is straightforward. The tuning parameter η is a measure of timing aggressiveness, i.e., it determines how aggressively the investor adjusts the portfolio weights in response to volatility changes. Setting η > 1 should compensate to some extent for the information loss caused by ignoring the return correlations. We refer to the portfolio in equation (14) as the VT(η) strategy.
The choice of η also controls the average level of diversification achieved by the VT strategies. As η approaches zero the cross-sectional variation in the portfolio weights goes to zero. In the limiting case, η = 0, we recover the naïve diversification strategy. In contrast, as η approaches infinity, the weight for the asset with the lowest estimated volatility approaches one and all the other weights approach zero. We expect that, in general, the best choice of η will depend on the level of estimation risk, the level of transactions costs, and the number of assets, N .
If estimation risk is high, then much of the variation in the parameter estimates may simply reflect estimation errors. Reducing the value of η would reduce the impact of these errors on portfolio performance. If transactions costs are high, then reducing portfolio turnover becomes more important. Reducing the value of η should also reduce turnover. The number of assets is likely to be important because, for a given cross-sectional dispersion in return volatilities, the maximum portfolio weight tends to zero as N → ∞. If we keep η fixed and increase N , we would expect both the cross-sectional and time-series variation in the portfolio weights to decrease. Allowing η to vary with N counteracts this effect.
Reward-to-risk timing
The volatility-timing strategies of Section 2.4.1 ignore information about conditional expected returns. It is natural to ask, therefore, whether we can improve upon their performance by incorporating such information. Suppose we again consider a scenario in which all of the estimated pair-wise correlations between the excess risky-asset returns are zero.
The weights for the sample tangency portfolio in this case are given bŷ
whereμ it is the estimated conditional mean of the excess return on the ith risky asset. Thus, ifΣ t is restricted to be diagonal for all t, the investor will follow a simple rewardto-risk timing strategy.
Because expected returns are typically estimated with less precision than variances, the strategy in equation (15) is likely to entail significantly higher levels of estimation risk than the volatility timing strategies. Setting the off-diagonal elements ofΣ t to zero reduces the tendency for the sample tangency portfolio to be characterized by extreme long and short weights, but we could still see extreme weights ifμ it is negative for some assets because this could cause the denominator of the fraction on the right side of equation (15) to be close to zero. We address this possibility by assuming that the investor has a strong prior belief that µ it ≥ 0 for all i and therefore constructs the reward-to-risk timing weights aŝ
. This is equivalent to assuming that the investor eliminates any asset withμ it ≤ 0 from consideration in period t.
Using the same approach as in Section 2.4.1, we can view equation (16) as one example of a more general class of reward-to-risk timing strategies that have weights of the form
where η ≥ 0. These strategies approach naïve diversification across the assets with positive estimated expected excess returns as η → 0 and put a weight that approaches one on the asset with the maximum estimated reward-to-risk ratio as η → ∞. We refer to the portfolio in equation (17) as the RRT(µ + t , η) strategy. It would be easy to allow for more flexibility with respect to the tuning parameters. For instance, we could consider strategies with weights of the form
where η µ , η σ ≥ 0. This would allow an investor to specify the sensitivity of the weights to changes in the means independently from the sensitivity to changes in the volatilities. It might be advantageous, for example, to reduce η µ and/or increase η σ for cases in which estimation risk for expected returns is much higher than that for return volatilities. An analysis of this generalized approach to reward-to-risk timing should prove interesting. We focus, however, on the η µ = η σ case because the resulting timing strategies are based on the reward-to-risk ratio that is central to mean-variance optimization.
Estimating the conditional moments of monthly excess returns
To construct sample analogs of the MVE portfolios discussed in Section 2, we must estimate µ t and Σ t for each portfolio rebalancing date t. For our baseline analysis we use fixed-window rolling estimators of µ t and Σ t . This allows us to directly compare our results to those of DeMiguel et al. (2009) . In the case of the RRT strategies, we also consider an alternative estimator of µ t that is designed to reduce estimation risk by exploiting the predictions of asset pricing theory. We provide the details below.
Rolling estimators
Using a rolling data window to estimate µ t and Σ t is designed to balance the tradeoff between the efficiency gains from using more observations and the loss in forecast precision from including less timely observations that are less likely to reflect current market conditions. To implement this approach, we define our estimators to
for some window length L. Common choices of the window length for monthly data are L = 60 and L = 120, i.e., five-year and ten-year rolling windows. We follow DeMiguel et al. (2009) and set L = 120.
Although rolling estimators of conditional expected excess returns have the advantage of simplicity, using these estimators in portfolio optimization is likely to entail a high level of estimation risk. It is well known that we need a long time series of returns to estimate µ t accurately (Merton, 1980) . This is true even if µ t is time invariant. In general, we would not expect the estimates of µ t obtained using a five-or ten-year window to display good precision. We therefore consider an alternative estimator of µ t for implementing the RRT strategies that should reduce estimation risk under the circumstances described below.
Alternative estimator of conditional expected returns
Many asset pricing models imply a direct relation between the first and second moments of excess returns. To see how we might be able to exploit this relation in the context of reward-to-risk timing, suppose that a conditional version of the capital asset pricing model (CAPM) holds. The conditional CAPM implies that the cross-sectional variation in conditional expected excess returns is due to cross-sectional variation in conditional betas. Since the market risk premium is just a scaling factor that multiplies each of the conditional betas, we can express the weights for the RRT strategy as
where β + it = max(β it , 0), and β it is the period t conditional market beta of asset i. If we estimate the conditional betas using the same L used for the rolling estimator of µ t , then imposing the pricing restriction implied by the conditional CAPM can lower the sampling variation of the weights. Consider, for illustration purposes, a scenario in which r t+1 ∼ i.i.d. N (µ, Σ). Upon further simplification, equation (19) reduces to
where ρ + i = max(ρ i , 0) and ρ i is the correlation between the excess return on asset i and the excess return on the market. Hence, we have replacedμ i withσ iρi in the sample version of the strategy. The asymptotic variance ofσ iρi is given by (σ 2 i /L)(1 − ρ 2 i /2).
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In comparison, the asymptotic variance ofμ i is given by σ 2 i /L. Although a scenario in which the expected returns, variances, and covariances are time varying is more complex, we would expect a similar reduction in estimation risk to obtain. Now suppose in the alternative that the conditional CAPM does not hold, but conditional betas capture at least some of the cross-sectional variation in conditional expected returns. In this case, replacingμ it withσ itρit will introduce bias. The substitution may still prove beneficial, however, if we are replacing an unbiased but high variance estimator with a biased but lower variance estimator. Consider an estimator of the formμ t = µ 0 ι where µ 0 > 0 is a scaler. This estimator is undoubtedly biased. Nonetheless, an investor who uses it, and imposes the constraint ω t ι = 1, holds the sample analog of the MV portfolio. This 9 To see this, let σ 2 m and σ im denote the variance of the excess market return and the covariance between the excess return on asset i and the excess market return. It is easy to show that
See, e.g., Hamilton (1994) , page 301. The asymptotic variance ofσ iρi =σ im /σ m follows immediately via the delta method.
portfolio often performs better than other sample efficient portfolios because its weights do not depend onμ t , which reduces estimation risk (see, e.g., Jagannathan and Ma, 2003) .
This methodology can be extended to allow for multiple risk factors. Consider a K-factor model and let β ijt denote the period t conditional beta of the ith asset with respect to the jth factor. With a single factor the portfolio weights do not depend on the factor risk premium provided that ω t ι = 1. This is not the case for K > 1. Estimating the factor risk premiums would introduce additional errors that could easily overwhelm any benefits from employing the model. Instead, we mimic the approach used to obtain the MV portfolio, i.e., we assume for the purpose of computing the weights that the factors have identical risk premiums. The resulting weights for the RRT strategy are
β ijt is the average conditional beta of asset i with respect to the K factors. We refer to this portfolio as the RRT(β + t , η) strategy. Whether the gains from using a multi-factor model outweigh the additional bias introduced by ignoring differences in risk premiums across factors is an empirical question. For the empirical analysis, we implement the RRT(β + t , η) strategy using the Carhart (1997) fourfactor extension of the Fama and French (1993) three-factor model. We use this model rather than the conditional CAPM because the literature finds little evidence of a relation between market betas and average returns after accounting for size and book-to-market characteristics (Fama and French, 1993) . This finding suggests that the conditional CAPM would perform poorly for a least two of the datasets that we examine.. To estimate the conditional betas, we use a rolling estimator of the joint conditional covariance matrix of the excess risky asset and factor returns with the same L that is used to estimate µ t .
Evaluating Portfolio Performance
In this section we describe the methods used for performance assessment and statistical inference. As in the Monte Carlo experiment, we use a rolling-sample approach to obtain a sequence {r pt } T +h t=h+1 of out-of-sample excess returns for each portfolio considered. Our assessment of the out-of-sample performance of the portfolios is based on two criteria. The first is the Sharpe ratio for the portfolio, i.e., λ p = µ p /σ p where µ p = E(r pt ) and σ 2 p = Var(r pt ). We estimate this ratio using the sample mean and variance of the excess returns for the out-of-sample period:
2 . The difference in the estimated Sharpe ratios for any two portfolios is one measure of their relative performance in the out-of-sample tests. We base the reported values ofλ p on the annualized values ofμ p andσ p for each portfolio strategy.
Following Fleming et al. ( , 2003 , we also report a measure of relative performance that is based on quadratic utility. The idea is that quadratic utility can be viewed as a second-order approximation to the investor's true utility function. Under this approxima-tion, the investor's realized utility in period t + 1 can be expressed as
where R p,t+1 = R f,t+1 + ω p,t r t+1 is the portfolio return in period t + 1, W t is wealth in period t, and α is the coefficient of absolute risk aversion. To facilitate comparisons across portfolios, we hold αW t constant. This is equivalent to setting the investor's coefficient of relative risk, γ t = αW t /(1 − αW t ), equal to some fixed value γ. Our performance measure is the fee (expressed as a fraction of wealth invested) that would equate the expected utilities generated by two alternative strategies.
Suppose, for example, that with a fee of ∆ γ per period imposed on strategy j, the strategies i and j yield the same expected utility, i.e., E[U (
Because the investor would be indifferent between these two alternatives, we can interpret ∆ γ as the maximum per period fee the investor would be willing to pay to switch from strategy i to strategy j.
, it follows from the quadratic formula that
We consider two levels of relative risk aversion (γ = 1 and γ = 5), specify naïve diversification as strategy i, and report∆ γ , the sample analog of ∆ γ , as an annualized basis point value for each active strategy j considered.
Portfolio turnover and adjustments for transactions costs
Since naïve diversification generates low turnover, active strategies that generate high turnover are disproportionately affected by the imposition of transactions costs. Consequently, estimating expected turnover is an important aspect of assessing the performance of active trading strategies. We document the impact of turnover by reporting a second set of estimated Sharpe ratios and performance fees using returns measured net of transactions costs. The cost of rebalancing to the desired period t+1 weights is subtracted from the excess portfolio return for period t. Our analysis assumes that the level of transactions costs is constant across assets and over the sample period.
To illustrate, letR p,t denote the portfolio return net of transactions costs for period t. Under our assumptions, this return is given bỹ
where c is the level of proportional costs per transaction. 10 To a close approximation, the impact of imposing transactions costs can be deduced by subtractingτ c from sample mean of R pt . Because we reportτ for each strategy, the choice of c used to compute the net returns is not critical. DeMiguel et al. (2009) follow Balduzzi and Lynch (1999) and set c equal to 50 basis points. We do the same to facilitate comparisons with their results.
Statistical inference
We conduct inferences about the relative performance of different strategies using largesample t-statistics. These statistics are constructed using the generalized method of moments (GMM). The analysis is as follows. Suppose we have a set of moment restrictions of the form E(e(Y t , θ)) = 0, where e(Y t , θ) is a J × 1 vector of disturbances, Y t is a vector of random variables, and θ is a J × 1 vector of parameters. If we observe {Y t } T +h t=h+1 , then the GMM estimatorθ is the value of θ for which (1/T ) T +h t=h+1 e(Y t , θ) = 0. Hansen (1982) shows that, subject to regularity conditions, the limiting distribution ofθ is
where
We use equation (25) to derive the asymptotic standard errors of the differences in performance criteria across strategies and then draw inferences based on the corresponding t-statistics.
For instance, let Y t = (r p i t , r p j t ) and consider the Sharpe ratios for strategies i and j. To obtain the asymptotic standard error ofλ p j −λ p i , we specify the disturbance vector as
With this specification of e(Y t , θ), the GMM estimators of θ 1 and θ 2 coincide with the usual estimators of λ p i and λ p j , e.g.,θ 1 =μ p i /σ p i whereμ p i andσ
are the sample analogs of µ p i and σ 2 p i . It follows, then, from equation (25) that
where d λ = (−1, 1, 0, 0) and V λ is the asymptotic covariance matrix implied by equation (26) . If the two strategies have the same Sharpe ratio, we have
whereV λ denotes a consistent estimator of V λ . 11 To identify strategies that outperform naïve diversification, we specify naïve diversification as strategy i and report p-values for
based on the t-statistic in equation (28).
We follow a similar approach to assess the significance of the estimated performance fees. Recall that ∆ γ is a function of 1 − γE(R p j t ) and E[U (R p i t ) − U (R p j t )]. We can therefore use the delta method to derive the asymptotic standard error of∆ γ . To do so, we let Y t = (R p i t , R p j t ) and specify the disturbance vector as
where the value of γ is prespecified. With this specification of e(Y t , θ), it follows from equation (25) and the definition of ∆ γ that
where d ∆ = ∂∆ γ /∂θ and V ∆ is the asymptotic covariance matrix implied by equation (29) . If the two strategies deliver the same expected utility, we have
whered ∆ andV ∆ denote consistent estimators of d ∆ and V ∆ . 12 To identify strategies that outperform naïve diversification, we specify naïve diversification as strategy i and report p-values for H 0 : ∆ γ ≤ 0 based on the t-statistic in equation (31).
Bootstrapping the p-values
Since we have no evidence on the quality of the approximation provided by equation (25) T +h ) using the stationary bootstrap of Politis and Romano (1994) . The resample is such that, in general, if
with probability π and Y * i+1 is drawn randomly from Y with probability 1−π. This delivers an expected block length of 1/(1−π). Second, we calculate and autocorrelation consistent estimator of S given bŷ
(1 − l/(m + 1))(Γ l +Γ l ),
T +h t=h+l+1 e(Y t ,θ)e(Y t−l ,θ) For the empirical analysis we set m = 5. 12 In this case, straightforward calculations show that d ∆ = (0, (γE(R p j t ) − 1) −1 ).
∆ denote the estimates for the resample. After carrying out M bootstrap trials in total, we compute the p-values for the t-statistics in equations (28) and (31) using the observed percentiles ofθ * 1 andθ * 2 . We set M = 10,000 and π = 0.9, which delivers an expected block length of 10.
Data and Empirical Results
The data for the empirical analysis consist of monthly excess returns on broadly-based U.S. equity portfolios. The sample period is July 1963 to December 2008 (T + h = 546 monthly observations with h = 120). We consider four datasets in total. Three are drawn from the data library maintained by Ken French, and one is constructed using the Center for Research in Security Prices (CRSP) daily stock file. The data library is also the source of the Treasury bill rate and the factor returns that are used to estimate the beta coefficients for the four-factor risk model. 13 The risk factors are the excess return on the market index and the returns on a set of three zero-investment portfolios. These portfolios are designed to mimic the unobserved factors that lead to systematic differences in expected excess returns between small and large capitalization stocks (SMB), low and high book-to-market equity stocks (HML), and low and high momentum stocks (UMD).
We begin the analysis with a dataset formed by using standard industrial classification (SIC) codes to sort firms into 10 Industry portfolios (10 Industry). We expect this dataset to pose a substantial challenge to our timing strategies. DeMiguel et al. (2009) find that with similar data, none of the 14 portfolio selection methods considered performs better than naïve diversification by a statistically significant margin. Next, we consider a dataset formed by using market capitalization and book-to-market value to sort firms into 25 portfolios (25 Size/BTM). Sorting firms on these criteria is known to produce a large crosssectional dispersion in average returns. Thus the 25 Size/BTM dataset could potentially afford better reward-to-risk timing opportunities than the 10 Industry dataset.
In addition to the Size/BTM portfolios, we consider two other datasets that are chosen based on their potential to provide improved timing opportunities. The first is obtained by using a momentum measure to sort firms into 10 portfolios (10 Momentum). This is another sorting scheme that is known to spread average returns. The second is obtained by using estimated return standard deviations to sort firms into 10 portfolios (10 Volatility).
14 These portfolios are formed in January of each year and rebalanced monthly to equal weights. The standard deviation breakpoints for the portfolios are estimated using daily data for the one-year period prior to portfolio formation. The monthly portfolio returns used for the analysis are obtained by compounding the daily portfolio returns.
Settings for the empirical analysis
Most of the settings for the empirical analysis have been described earlier. The one remaining task is to specify η for the timing strategies. Setting η = 1 is a natural choice for the baseline analysis because it delivers the volatility and reward-to-risk timing strategies that are implied by mean-variance optimization with a diagonal covariance matrix. We also consider two other values of the timing aggressiveness parameter: η = 2 and η = 4. These choices are motivated by our analysis of the effect of ignoring the estimated return correlations, which suggests setting η > 1 to mitigate the information loss.
To document how the timing strategies perform relative to mean-variance optimization, we report results for four MVE strategies: the MV, OC, and tangency portfolio (TP) strategies, plus a version of the OC strategy that prohibits short sales (OC + ). We implement the OC and OC + strategies by targeting the estimated conditional expected excess return of the 1/N strategy for each date t in the sample.
15 Targeting the estimated expected excess return of the 1/N strategy should produce reasonable performance benchmarks for the timing strategies because the conditional expected excess returns generated by these strategies must lie between the maximum and minimum conditional expected excess returns of the individual assets. Table 3 documents the out-of-sample performance of the 1/N , timing, and MVE strategies for the 10 Industry dataset. The results for the 1/N strategy are reported in the leading row of the table. In the absence of transactions costs, the values ofμ p andσ p are 5.80% and 15.04%, which translates into aλ p of 0.386.
Results for the 10 Industry dataset
16 As expected, the estimated expected turnover is quite low: 2.3% per month. Thus, imposing transactions costs of 50 basis points has a minor impact on performance. Specifically,λ p falls from 0.386 to 0.376.
The results for the VT strategies are shown in Panel A. In the absence of transactions costs,λ p is 0.426 for η = 1, 0.454 for η = 2, and 0.463 for η = 4. These values exceed the estimated Sharpe ratio for the 1/N strategy and the differences for η = 1 and η = 2 are portfolios are constructed using the methodology developed in Crawford et al. (2009) . See http://richardp.rice.edu/research/ for details. 15 As discussed in Section 2, we occasionally find that targeting the estimated conditional expected excess return of the 1/N strategy delivers a conditionally inefficient portfolio. In these cases, we target the estimated conditional expected excess return of the conditionally efficient portfolio with the same conditional volatility as the identified inefficient portfolio. 16 Note that the results reported in Table 3 for this dataset differ from those reported in Table  2 because the sample period is different and because the SIC codes included in each industry were changed in 2004. See the data library webpage for details. statistically significant at the 5% level. Moreover, the evidence suggests that risk averse investors could reap substantial benefits from volatility timing. The value ofσ p for the VT strategies is about 0.8 to 2.2 percentage points lower than for the 1/N strategy. As a consequence,∆ γ ranges from 89 to 172 basis points for γ = 5, and all of the estimates are statistically significant at the 10% level. Of course the gains to volatility timing are smaller for less risk averse investors. The values of∆ γ range from 37 to 54 basis points for γ = 1 and none of the estimates is statistically significant at the 10% level.
Importantly, all of the VT strategies have low estimated expected turnover. It ranges from 2.4% with η = 1 to 3.6% with η = 4. These values are close to the estimated expected turnover for the 1/N strategy, so imposing transactions costs has little impact on relative performance. With transactions costs of 50 basis points,λ p falls to 0.416 for η = 1, 0.442 for η = 2, and 0.446 for η = 4, and the range of∆ γ becomes 90 to 166 basis points for γ = 5 and 36 to 51 basis points for γ = 1. Thus turnover is not a concern for the VT strategies. The difference in the estimated Sharpe ratios of the VT and 1/N strategies remains statistically significant at the 5% level for η = 1 and η = 2 and all of the estimated performance fees for γ = 5 remain statistically significant at the 10% level.
The results for the RRT strategies are shown in Panel B. First consider the case in which we implement the strategies using the standard rolling estimator of µ t . The results are clearly less favorable than for the VT strategies:λ p is 0.328 for η = 1, 0.320 for η = 2, and 0.310 for η = 4 and all of the estimated performance fees are negative, ranging from −181 to −82 basis points. Moreover, the estimated expected turnover is higher than for the VT strategies. It ranges from 7.7% per month for η = 1 to 11.9% per month for η = 4. Hence, the performance of the RRT strategies deteriorates when we impose transactions costs. The value ofλ p falls to 0.298 for η = 1, 0.285 for η = 2, and 0.266 for η = 4 and the values of∆ γ range from −241 to −114 basis points.
Although we find no support for reward-to-risk timing in these results, this may be because the 10 Industry dataset poses an especially difficult challenge for the RRT strategies. Even if sorting firms according to SIC codes is a reasonable way to identify different industries, there is no guarantee that the industries will display significant cross-sectional variation in conditional expected excess returns. If the variation in conditional expected excess returns across assets is relatively low, then the estimates of µ t may convey little useful information. Our analysis suggests that this plays a role in the unimpressive performance of the RRT strategies for the 10 Industry dataset.
Consider, for instance, the evidence in panel A of Figure 1 . The plot on the left side of the figure shows the cross-sectional dispersion in the annualized sample mean of the excess industry portfolio returns. The sample means lie in a relatively narrow range: 8.7% to 14%. Moreover, seven of the values are between 10% and 13%. We would expect to find greater variation in these values if there were substantial cross-sectional dispersion in conditional expected excess returns. In contrast, the plot on the right side of the figure reveals that the dispersion in the sample volatilities is considerably larger than the dispersion in the sample means. The range is from 14.6% to 24.5%. This is consistent with finding that the volatility timing outperforms reward-to-risk timing.
To investigate further, we turn to the case in which we implement the RRT strategies using an estimator of µ t derived from our four-factor risk model. Since this estimator should display less sampling variation than the standard rolling estimator of µ t , we anticipate better performance from the RRT strategies. The improvement in performance is substantial. In the absence of transactions costs,λ p is 0.418 for η = 1, 0.430 for η = 2, and 0.437 for η = 4. The values of∆ γ range from 38 to 51 basis points for γ = 1, and from 64 to 106 basis points for γ = 5. These results are comparable to those for the VT strategies. Although the differences in the estimated Sharpe ratios of the RRT and 1/N strategies are not statistically significant, the estimated performance fees for γ = 5 are statistically significant at the 10% level.
These findings point to a sizeable reduction in estimation risk from using the four-factor risk model. Additional evidence of this reduction can be found in the estimates of expected turnover, which are roughly half as large as those generated by using the standard rolling estimator of µ t . The range is from 3% per month for η = 1 to 6.2% per month for η = 4. As a consequence, imposing transactions costs has a minor impact on performance. The value ofλ p falls to 0.406 for η = 1, 0.413 for η = 2, and 0.410 for η = 4 and the range of ∆ γ becomes 27 to 39 basis points for γ = 1 and 61 to 83 basis points for γ = 5. Two of the three values of∆ γ for γ = 5 remain statistically significant at the 10% level. Hence, we find that the RRT strategies are capable of outperforming naïve diversification provided that they are implemented using our alternative estimator of µ t .
The evidence in panel C, which documents the performance of the MVE strategies, lends additional context to these findings. In the absence of transactions costs, the MVE strategies deliver mixed results. The TP strategy displays the worst performance by far, with a negativeμ p and a value ofσ p that exceeds the estimated volatility of every other MVE strategy by a factor of four. Its estimated Sharpe ratio is exceedingly low: −0.252. In comparison, the MV and OC strategies have estimated Sharpe ratios of 0.506 and 0.447. Both outperform the 1/N strategy, although the differences in the estimated Sharpe ratios are not statistically significant. Prohibiting short sales causes the performance of the OC strategy to deteriorate. Its estimated Sharpe ratio falls to 0.414.
It may seem odd to find that the performance gains for the MV and OC strategies, which are larger than those for the VT strategies, are statistically insignificant. This is explained by the correlation between the excess returns for the different strategies. For example, the estimated correlation between the excess returns for the 1/N and VT(1) strategies is 0.99, while that for the 1/N and OC strategies is 0.74. Since equation (27) implies that the standard error ofλ p j −λ p i is a decreasing function of this correlation, it takes a larger difference in the estimated Sharpe ratios to conclude that the OC strategy outperforms the 1/N strategy. This is also the case for the estimated performance fees. The values of ∆ γ for the MV and OC strategies range from 40 to 228 basis points, but only one of the estimates is statistically significant at the 10% level.
High turnover is the most troublesome aspect of the performance of the MVE strategies. The TP strategy is clearly an outlier in this respect, with an estimated expected turnover of 2,729% per month. This value exceeds the estimated expected turnover for the other MVE strategies by two orders of magnitude. Indeed, there are a number of months in which the turnover of the TP strategy exceeds 20,000%. Since this level of turnover implies that rebalancing costs would consume all of the investor's wealth, it is impossible to compute meaningful after-transactions-costs values of the performance measures. This is indicated by a "-" entry in panel C.
The remaining estimates of expected turnover are much more reasonable: 16.1% for the MV strategy, 28.5% for the OC strategy, and 10.9% for the OC + strategy. Nonetheless, the values are such that there is substantial deterioration in the performance of the strategies in the presence of transactions costs. The estimated Sharpe ratios for the MV and OC strategies fall to 0.431 and 0.317, and the estimated performance fees are −118 and 16 basis points for γ = 1 and −20 and 147 basis points with γ = 5. None of the performance gains is statistically significant at the 10% level. Note also that once we account for transactions costs the OC + strategy has a higher Sharpe ratio than the OC strategy because prohibiting short sales leads to a substantial reduction in turnover.
Results for the 25 Size/BTM dataset
The results for the 10 Industry dataset foreshadow the crucial role of turnover in our investigation. With the exception of the TP strategy, all of the MVE strategies perform better than naïve diversification in the absence of transactions costs. Although the analysis is inconclusive because most of the performance gains are statistically insignificant, the picture that emerges from the initial evidence is generally supportive of mean-variance optimization. This is no longer true in the presence of transactions costs because the advantage of the MVE strategies is eroded by high turnover. The results indicate, therefore, that controlling turnover is key to improving mean-variance methods of portfolio selection. The timing strategies are largely successful in this regard for the 10 Industry dataset, but additional evidence is needed to draw firm conclusions.
To develop this evidence, we turn to the 25 Size/BTM dataset. If our hypothesis regarding the relation between the cross-sectional dispersion in conditional expected returns and the performance of the RRT strategies is correct, then we should find stronger support for reward-to-risk timing with this dataset. As panel B of Figure 1 shows, the annualized sample mean of the excess returns for the size and book-to-market portfolios ranges from 7.2% to 18.8%, which is more than twice the range for the industry portfolios. The estimates of µ t should therefore have more value than in the case of the 10 Industry dataset. We anticipate little change in the performance of VT strategies since the range of the annualized sample volatilities is 15.3% to 28.4%, which is only a few percentage points larger than that for the industry portfolios. Table 4 documents the out-of-sample performance of the 1/N , timing, and MVE strategies for the 25 Size/BTM dataset. The layout of the table is identical to that of Table 3. In the absence of transactions costs, the values ofμ p andσ p for the 1/N strategy are 8.25% and 17.64%, which translates into aλ p of 0.468. Once again this strategy has low estimated expected turnover -1.7% per month -so the impact of imposing transactions costs is quite small. The value ofλ p falls to 0.462.
The results for VT strategies are similar to those for the 10 Industry dataset. In the absence of transactions costs, volatility timing delivers higher values ofλ p than naïve diversification: 0.492 for η = 1, 0.496 for η = 2, and 0.484 for η = 4. The difference in the estimated Sharpe ratios is statistically significant at the 10% level for η = 1. The estimated performance fees range from −39 to 15 basis points for γ = 1, and from 81 to 111 basis points for γ = 5. In the latter case, all of the fees are statistically significant at the 10% level. Because the VT strategies have low turnover (1.8% to 3.1% per month), imposing transactions costs does not alter the nature of these findings.
As anticipated, the evidence in favor of reward-to-risk timing is more compelling for the 10 Momentum dataset than for the 10 Industry dataset. In the absence of transactions costs, using the standard rolling estimator of µ t produces aλ p of 0.535 for η = 1, 0.555 for η = 2, and 0.569 for η = 4. The increase in the estimated Sharpe ratio relative to naïve diversification is statistically significant at the 5% level in each case. Moreover, all of the estimated performance fees, which range from 101 to 147 basis points for γ = 1 and from 137 to 206 basis points for γ = 5, are statistically significant at the 5% level. These gains are achieved with only a modest increase in estimated expected turnover relative to the 1/N strategy: 3.6% for η = 1, 5.0% for η = 2, and 8.0% for η = 4. Hence, the gains remain statistically significant in the presence of transactions costs, with estimated performance fees that range from 90 to 109 basis points for γ = 1 and from 127 to 167 basis points for γ = 5.
Interestingly, using the estimator of µ t derived from our four-factor risk model produces similar estimated Sharpe ratios for the RRT strategies. In the absence of transactions costs, the value ofλ p is 0.524 for η = 1, 0.555 for η = 2, and 0.579 for η = 4. Because these values are nearly identical to those obtained using the rolling estimator of µ t , it may appear that there is no benefit from employing the risk model. This is not the case, however. The estimated expected turnover is 1.8% for η = 1, 2.0% for η = 2, and 2.9% for η = 4. These values are two to three times lower than those obtained using the rolling estimator of µ t . Thus the risk model achieves substantial reductions in turnover while delivering comparable performance gains.
With such low levels of turnover, imposing transactions costs has little impact on the performance of the RRT strategies. The value ofλ p falls to 0.518 for η = 1, 0.547 for η = 2, and 0.568 for η = 4. In each case, the increase in the estimated Sharpe ratio relative to naïve diversification is statistically significant at the 1% level. All of the estimated performance fees, which range from 83 to 152 basis points for γ = 1 and from 118 to 220 basis points for γ = 5, are statistically significant at the 5% level, and all but one are statistically significant at the 1% level.
The evidence for the MVE strategies provides additional perspective on these results. The performance of the TP strategy is again exceedingly poor. In the absence of transactions costs, it has an estimated annualized mean return of −58.8% and an estimated annualized volatility of 777.8%. This translates into an estimated Sharpe ratio of −0.076. Note that we report a "-" in the table for the estimated performance fees. This is because the results for the TP strategy are so poor that the quadratic equation used to find the performance fees has no real roots. Thus there is no fixed fee that equates the estimated expected utilities generated by the TP and 1/N strategies. The TP strategy is also characterized by extreme estimated expected turnover: 23,380% per month.
In contrast, the MV and OC strategies perform well in the absence of transactions costs. Their estimated Sharpe ratios -0.853 and 1.006 -are much higher than the estimated Sharpe ratio of the 1/N strategy, and the differences are statistically significant at the 5% level. Moreover, the estimated performance fees for the MV and OC strategies, which are 386 and 651 basis points for γ = 1, and 664 and 892 basis points for γ = 5, are statistically significant at the 10% level. Thus the evidence suggests that mean-variance optimization is superior to naïve diversification if transactions costs are zero.
Notice, however, that imposing transactions costs leads to a marked reduction in the performance of the MVE strategies. The estimated expected turnover for the MV and OC strategies is 79% and 100% per month. As a consequence,λ p falls to 0.496 for the MV strategy and to 0.569 for the OC strategy in the presence of transactions costs. These values are still higher than the estimated Sharpe ratio for the 1/N strategy, but the differences are no longer statistically significant. This is also true for the estimated performance fees. Unlike the timing strategies, the MVE strategies simply generate too much turnover to be competitive with naïve diversification.
Results for the 10 Momentum dataset
In view of the results for the 25 Size/BTM portfolios, it seems clear that performance of the timing strategies is influenced by dataset characteristics. This is not a surprise. Intuitively, we would expect the effectiveness of volatility and reward-to risk timing to depend on both the cross-sectional and time series variation in the conditional means and volatilities. These characteristics are undoubtedly affected by the scheme used to sort firms into portfolios. In the case of the 25 Size/BTM dataset, the sorting scheme is explicitly designed to increase the cross-sectional dispersion in conditional expected returns. To the extent that it does so, we should see an improvement in the signal-to-noise ratio of our rolling estimator of µ t , which should benefit both the timing and MVE strategies. The evidence is consistent with the presence of such benefits, but the performance gains for the MVE strategies are eroded by transactions costs.
To see if these findings hold more generally, we consider a dataset that is obtained by sorting firms into portfolios using a momentum measure. This is another case in which the sorting scheme is explicitly designed to spread conditional expected returns (see, e.g., Jegadeesh and Titman, 1993) . The evidence in panel C of Figure 1 suggests that it succeeds in this respect. The annualized sample mean for the momentum portfolios ranges from zero to 17.9%. Since this is larger than the range for the size and book-to-market portfolios, we again anticipate that the RRT strategies will perform well relative to naïve diversification. The range of the annualized sample volatilities -15.4% to 27.0% -is comparable to that for both the 25 Size/BTM and 10 Industry datasets. Table 5 documents the out-of-sample performance of the 1/N , timing, and MVE strategies for the 10 Momentum dataset. In the absence of transactions costs, the values ofμ p ,σ p , andλ p for the 1/N strategy are 4.70%, 16.68%, and 0.282. Imposing transactions costs reduces the value ofλ p to 0.276. In comparison, the value ofλ p for the VT strategies ranges from 0.330 to 0.375 with no transactions costs and the increase in the estimated Sharpe ratio relative to naïve diversification is statistically significant at the 1% level in each case. These gains translate into estimated performance fees of 68 to 128 basis points for γ = 1, and 117 to 215 basis points for γ = 5, all of which are statistically significant at the 5% level. Because the estimated expected turnover is only 1.7% to 2.6% per month, imposing transactions costs has little effect on the results.
The performance of the RRT strategies is even more compelling. In the absence of transactions costs, the standard rolling estimator of µ t produces aλ p of 0.455 for η = 1, 0.476 for η = 2 and 0.497 for η = 4. The differences relative to naïve diversification are statistically significant at the 1% level. This is also the case for the estimated performance fees, which range from 285 to 381 basis points. The estimates of expected turnover -5.8%, 6.1%, and 6.8% -are higher than for the 1/N strategy, but the differences are not dramatic. Hence, imposing transactions does not alter our inferences.
The results using the estimator of µ t derived from our four-factor risk model are similar. In the absence of transactions costs, the value ofλ p is 0.398 for η = 1, 0.447 for η = 2, and 0.478 for η = 4 and the estimated performance fees range from 179 to 335 basis points. All of the gains are statistically significant at the 1% level. As was the case for the other datasets, the estimates of expected turnover are two to three times lower than those produced by the rolling estimator of µ t . And, again, the impact of imposing transactions costs is minimal.
We also find that the performance of the MVE strategies is more competitive for this dataset. The TP strategy clearly delivers extreme results: an estimated annualized mean return of 8,321%, and estimated annualized volatility of 5,680%, and an estimated expected monthly turnover of 18,490%. However, the MV and OC strategies have estimated Sharpe ratios of 0.496 and 0.589 in the absence of transactions costs and the estimated performance fees range from 302 to 536 basis points. All of the gains are statistically significant at the 10% level. Turnover is still an issue, but the estimates are considerably lower than for the 25 Size/BTM dataset. Thus the majority of the performance gains remain statistically significant in the presence of transactions costs.
Results for 10 Volatility dataset
The evidence for the 25 Size/BTM and 10 Momentum datasets suggests that the performance of RRT strategies is related to the cross-sectional dispersion in conditional expected excess returns. Accordingly, we posit that the performance of the VT strategies is related to the cross-sectional dispersion in conditional return volatilities. To test this hypothesis, we consider a final dataset that is obtained by sorting firms into portfolios based on estimates of historical volatility. Panel D of Figure 1 shows that the resulting cross-sectional dispersion in the annualized sample volatilities, which range from 10.9% to 34.9%, is approximately twice that for the other three datasets. The range for the annualized sample means, on the other hand, is relatively narrow at 12.0% to 16.5%. Table 6 documents the out-of-sample performance of the 1/N , timing, and MVE strategies for the 10 Volatility dataset. As anticipated, the VT strategies perform particularly well. In the absence of transactions costs, the 1/N strategy has an estimated Sharpe ratio of 0.477 and an estimated expected turnover of 1.7%. The VT strategies have estimated Sharpe ratios that range from 0.576 to 0.712, and estimated expected turnovers that range from 1.5% to 1.6%. The reductions inσ p relative to naïve diversification, which are in 3 to 7 percentage point range, would be quite valuable to risk averse investors, even in the presence of transactions costs. The estimated performance fees range from 297 to 498 basis points with γ = 5 and all of the estimates are statistically significant at the 1% level.
The RRT strategies also perform well for this dataset. In the absence of transactions costs, the value ofλ p ranges from 0.547 to 0.647 using the standard rolling estimator of µ t and from 0.520 to 0.623 using the estimator of µ t derived from our four-factor risk model. In each case, however, the RRT strategy for a given value of η performs worse than the corresponding VT strategy. Apparently the estimates of µ t convey little useful information for the volatility portfolios, which is not surprising given the low cross-sectional dispersion in the sample means. The estimates of expected turnover are similar to those obtained with the other datasets: 2.9% to 6.6% using the standard rolling estimator and 1.7% to 2.7% using the four-factor risk model.
The results for the MVE strategies follow the same general pattern as for previous datasets. If we ignore the TP strategy, then the evidence indicates that turnover is the primary barrier to outperforming naïve diversification. In the absence of transactions costs, the MV and OC strategies have estimated Sharpe ratios of 0.766 and 0.930 and the differences relative to naïve diversification are statistically significant at the 10% level. The estimated performance fees range from 34 to 751 basis points. However, the estimates of expected turnover are 35% and 54.7% per month, so the performance deteriorates sharply in the presence of transactions costs. The estimated Sharpe ratios fall to 0.566 and 0.641, and the differences relative to naïve diversification are no longer statistically significant.
Sensitivity analysis
We have established that volatility timing and reward-to-risk timing are capable of outperforming naïve diversification, even in the presence of relatively high transactions costs. However, the results for the RRT strategies are somewhat sensitive to the choice of estimator for µ t , suggesting that estimator efficiency is an important consideration. Two aspects of the efficiency issue are worth noting. First, we use what is probably an inefficient estimator of Σ t to facilitate comparisons with DeMiguel et al. (2009) . There are almost certainly better ways to model the dynamics of conditional variances and covariances that could be implemented in our framework. This suggests an avenue for future research. Second, we set L = 120 for the rolling estimators, again to facilitate comparisons with DeMiguel et al. (2009) . Although we expect our conclusions to be robust to the choice of L, this bears further investigation.
To address the issue, we repeat the entire analysis using L = 60, i.e., a window length of five years. Cutting the window length in half could result in a substantial increase in estimation risk. For example, it doubles the asymptotic variance of the rolling estimators under circumstances in which µ t and Σ t are time invariant. If this is the dominant effect, then the performance of the timing strategies should deteriorate. On the other hand, reducing the window length could also result in an improved ability to track the dynamics of µ t and Σ t . If this is the dominant effect, then the performance of the timing strategies should improve. In general, therefore, we expect dataset characteristics to play an nontrivial role in determining the sensitivity of the results to the choice of L. Table 7 summarizes the results of the investigation. In the interest of space, we omit the findings for the 10 Industry dataset and report only a few key statistics for the other three datasets. Specifically, we report the estimated Sharpe ratio for each strategy in the absence and presence of transactions costs, the p-values of the differences in estimated Sharpe ratios using the 1/N strategy as our benchmark, and the estimated expected turnover. A supplemental appendix that contains the full set of results is available from the authors on request.
Using a shorter window length has little impact on the performance of the VT strategies. In the absence of transactions costs,λ p ranges from 0.49 to 0.50 for the 25 Size/BTM portfolios, 0.32 to 0.36 for the 10 Momentum portfolios and from 0.57 to 0.70 for the 10 Volatility portfolios. The estimates of expected turnover are somewhat higher than with L = 120 but the increase is not dramatic. Hence, the performance of the strategies in the presence of transactions costs is similar to that observed with the longer window length. The values ofλ p for the 25 Size/BTM and 10 Momentum portfolios are higher thanλ p for the 1/N strategy and the differences relative to the 1/N portfolios are statistically significant at the 10% level in four of the six cases.
The shorter window length also has little impact on the performance of the RRT strategies. The results obtained using the rolling estimator of µ t show some erosion in estimated Sharpe ratios for the 10 Momentum portfolios and some improvement for the 25 Size/BTM portfolios and the 10 Volatility portfolios. Again, however, the changes are not dramatic. The same is true for the changes that occur using the estimator of µ t derived from the four factor risk model. Although the estimates of expected turnover are somewhat higher than with L = 120, the increase is not large enough to have much impact on transactions costs. Thus, it appears that our conclusions regarding the performance of the timing strategies are not overly sensitive to the choice of L.
Closing Remarks
In a recent article, DeMiguel et al. (2009) raise serious questions about the value of meanvariance optimization as a method of portfolio selection. Using a range of datasets, the authors investigate the out-of-sample performance of the standard mean-variance model along with a large number of variants developed in the literature to mitigate the impact of estimation risk. They find that "there is no single model that consistently delivers a Sharpe ratio or a CEQ return that is higher than that of the 1/N portfolio" and conclude that "there are still many 'miles to go' before the gains promised by optimal portfolio choice can actually be realized out of sample."
We provide a different perspective on the performance of the mean-variance model vis-a-vis the 1/N strategy. Our analysis indicates that DeMiguel et al. (2009) casts mean-variance optimization in such an unfavorable light largely because their research design implicitly targets a conditional expected return that greatly exceeds the conditional expected return of the 1/N strategy. This magnifies estimation risk and leads to excessive portfolio turnover. If the mean-variance model is instead implemented by targeting the conditional expected return of the 1/N strategy, it generally performs better than this strategy in the absence of transactions costs. It is only after we consider the differences in transactions costs across strategies that the mean-variance model has difficulty outperforming the 1/N strategy by statistically significant margins.
Motivated by our findings for the mean-variance model, we propose two alternative methods of mean-variance portfolio selection -volatility timing and reward-to-risk timingthat are designed to exploit sample information in a way that mitigates the impact of estimation risk. Importantly, each of these methods allows an investor to exercise some control over turnover, and hence transactions costs, via a tuning parameter that can be interpreted as a measure of timing aggressiveness. We find that both types of timing strategies have the ability to outperform naïve diversification for a range of datasets. This is true even after we incorporate relatively high transactions costs. Reward-to-risk timing appears to be a particularly promising strategy when it is implemented using estimates of conditional expected returns obtained from a four-factor risk model.
A convenient feature of timing strategies is that they require only univariate models for the conditional first and second moments of excess returns. We use simple rolling estimators of these moments in the empirical analysis above. It would be interesting to investigate whether more sophisticated estimation techniques lead to significant benefits. For example, we might model the daily excess return on each asset as a GARCH(1,1) process and use the resulting forecasts of daily excess return variances to construct forecasts of monthly excess return variances. Switching to daily data might significantly improve the precision of our variance estimates. We leave this and other extensions to future research.
Table 1 Monte Carlo Evidence on Estimation Risk and Turnover
The table documents the impact of sampling variation in the portfolio weights on the out-of-sample performance of the 1/N , OU, OC, MV, and tangency portfolio (TP) strategies. A resampling approach is employed to generate an i.i.d. sequence of length T * + h from the empirical distribution of excess risky-asset returns for each of the following DeMiguel et al. (2009) datasets: the ten Fama-French industry portfolios plus the market portfolio ("FF 10 Industry"), the eight MSCI developed market portfolios plus the MSCI world market portfolio ("International"), the Fama-French market, size, and value factor portfolios ("Mkt/SMB/HML"), the 20 Fama-French size and book-to-market portfolios plus the market portfolio ("FF 1-Factor"), and the 20 Fama-French size and book-to-market portfolios plus the market, size, value, and momentum factor portfolios ("FF 4-Factor").
This sequence is used to compute population values -via Monte Carlo integration -of the following performance criteria for the each strategy: the annualized Sharpe ratio implied by the true, time-invariant weights (λ * (ω)), the annualized Sharpe ratio when the portfolio is rebalanced monthly using the estimated weights (λ * (ω)), and the expected monthly turnover (as a fraction of wealth invested) when the portfolio is rebalanced monthly using the estimated weights (τ * (ω)). The OU, OC, MV, and TP strategies are implemented using a 120-month rolling estimator of the conditional mean vector and conditional covariance matrix of excess returns, and the OU and OC strategies target the estimated conditional expected excess return of the 1/N strategy. In each case, the data are generated by drawing h = 120 times with replacement from the first 120 observations of the dataset to obtain the sample used to initialize the rolling estimators, and Table 3 Results for the 10 Industry Dataset
The table summarizes the out-of-sample performance of the 1/N strategy (row one), three volatility timing strategies (Panel A), six reward-to-risk timing strategies (Panel B), and four MVE strategies (Panel C) for the 10 Industry portfolios. It reports the following sample statistics for the time series of monthly excess returns generated by each strategy: the annualized mean (μ p ), the annualized standard deviation (σ p ), the annualized Sharpe ratio (λ p ), the average monthly turnover expressed as a fraction of wealth invested (τ ), the annualized basis point fee that an investor with quadratic utility and constant relative risk aversion of γ = 1 and γ = 5 would be willing to pay to switch from the 1/N strategy to the timing or MVE strategy (∆ γ ), the p-value for the difference between the annualized Sharpe ratio produced by the timing or MVE strategy and the 1/N strategy ("vs. 1/N p-val") , and the p-values ("p-val") of the basis point fees. The timing and MVE strategies are implemented using a 120-month rolling estimator of the conditional mean vector and conditional covariance matrix of the excess returns, and the OC and OC Table 4 Results for the 25 Size/BTM Dataset
The table summarizes the out-of-sample performance of the 1/N strategy (row one), three volatility timing strategies (Panel A), six reward-to-risk timing strategies (Panel B), and four MVE strategies (Panel C) for the 25 Size/BTM portfolios. It reports the following sample statistics for the time series of monthly excess returns generated by each strategy: the annualized mean (μ p ), the annualized standard deviation (σ p ), the annualized Sharpe ratio (λ p ), the average monthly turnover expressed as a fraction of wealth invested (τ ), the annualized basis point fee that an investor with quadratic utility and constant relative risk aversion of γ = 1 and γ = 5 would be willing to pay to switch from the 1/N strategy to the timing or MVE strategy (∆ γ ), the p-value for the difference between the annualized Sharpe ratio produced by the timing or MVE strategy and the 1/N strategy ("vs. 1/N p-val") , and the p-values ("p-val") of the basis point fees. The timing and MVE strategies are implemented using a 120-month rolling estimator of the conditional mean vector and conditional covariance matrix of the excess returns, and the OC and OC Table 6 Results for the 10 Volatility Dataset
The table summarizes the out-of-sample performance of the 1/N strategy (row one), three volatility timing strategies (Panel A), six reward-to-risk timing strategies (Panel B), and four MVE strategies (Panel C) for the 10 Volatility portfolios. It reports the following sample statistics for the time series of monthly excess returns generated by each strategy: the annualized mean (μ p ), the annualized standard deviation (σ p ), the annualized Sharpe ratio (λ p ), the average monthly turnover expressed as a fraction of wealth invested (τ ), the annualized basis point fee that an investor with quadratic utility and constant relative risk aversion of γ = 1 and γ = 5 would be willing to pay to switch from the 1/N strategy to the timing or MVE strategy (∆ γ ), the p-value for the difference between the annualized Sharpe ratio produced by the timing or MVE strategy and the 1/N strategy ("vs. 1/N p-val") , and the p-values ("p-val") of the basis point fees. The timing and MVE strategies are implemented using a 120-month rolling estimator of the conditional mean vector and conditional covariance matrix of the excess returns, and the OC and OC Table 7 Results
Using a 60-Month Window for the Rolling Estimators
The table summarizes the out-of-sample performance of the 1/N strategy (row one), three volatility timing strategies (Panel A), six reward-to-risk timing strategies (Panel B), and four MVE strategies (Panel C) for the 25 size/book-to-market portfolios ("25 Size/BTM"), 10 momentum portfolios ("10 Momentum"), and 10 volatility portfolios ("10 Volatility"). It reports the following sample statistics for the time series of monthly excess returns generated by each strategy: the annualized Sharpe ratio (λ p ), the p-value for the difference between the annualized Sharpe ratio produced by the timing or MVE strategy and the 1/N strategy ("vs. 1/N p-val") assuming no transactions costs ("No TC") and assuming proportional transactions costs of 50 basis points ("TC = 50bp"), and the average monthly turnover expressed as a fraction of wealth invested (τ ). The timing and MVE strategies are implemented using a 60-month rolling estimator of the conditional mean vector and conditional covariance matrix of the excess returns, and the OC and OC However, the reported statistics correspond to the subperiod used to evaluate the outof-sample performance of the portfolio strategies, i.e, observations 121 to 546.
